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Abstract. We show that all finite powers of a Hausdorff space X do not contain 
uncountable weakly separated subspaces iff there is a c.c.c poset P such that in V p 
X is a countable union of 0-dimcnsional subspaces of countable weight. We also 
show that this theorem is sharp in two different senses: (i) we can't get rid of using 
generic extensions, (ii) we have to consider all finite powers of X . 



1. Introduction 

We use standard topological notation and terminology throughout, cf [4]. The 
following definitions are less well-known. 

Definition 1.1. Given a topological space (X,r) and a subspace Y C X a function 
/ is called a neighbourhood assignment on Y iff / : Y — ► r and y e f(y) for each 
yeY. 

Definition 1.2. A space Y is weakly separated if there is a neighbourhood assignment 
/ on Y such that 

Vy^zeY {ytf{z)Vztf{y)l 

moreover 

R(X) = sup{|y| : Y C X is weakly separated}. 

The notion of weakly separated spaces and the cardinal function R were introduced 
by Tkacenko in [7], where the following question was also raised: does R(X W ) = u 
(or even Rpf) = to) imply that X has a countable network (i.e. nw(X) = u)l (Note 
that R(X^) = uj is equivalent to R,(X n ) = uj for all n 6 uo, moreover nw(X) = uj 
implies R(X W ) = nw(X w ) = uj.) Several consistent counterexamples to this were 
given, e.g. in [1], [2], [5] and [8, p. 43], but no ZFC counterexample is known. (In 
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[8] it is stated that under PEA the implication is valid, but no proof is given.) The 
counterexamples given in [5] and [8] from CH are also first countable. 

Our main result here says that, at least for T 2 spaces, a weaker version of Tkacenko's 
conjecture is valid, namely R(X W ) = uj implies that nw(X) = uj holds in a suitable 
c.c.c and hence cardinal preserving generic extension! In fact, in this extension X 
becomes a-second countable, i.e. X is the union of countably many subspaces of 
countable weight. 

In section 3 we show that the main result is sharp in different senses. Firstly, 
we force, for every natural number n, a 0-dimensional, first countable space X such 
that R(X n ) = uj, but nw(X) > uj in any cardinal preserving extension of the ground 
model. Secondly, we construct in ZFC a 0-dimensional T 2 space X such that xPO = 
nw(X) = uj but X is not cr-second countable. 

It easily follows from the proof of our main result that if MA K holds and X is a 
Hausdorff space with \X\ + w(X) < k, then R(X W ) = u if and only if X is a-second 
countable. We also prove that MA{Cohen) is not enough to yield this equivalence. 
To do this we use a result of Shelah (the proof of which presented here with his kind 
permission) saying that in any generic extension by Cohen reals the ideal of the first 
category subspaces of a space from the ground model is generated by the subspaces 
of first category from the ground model. 



2. The main result 
Theorem 2.1. Given a Hausdorff topological space X the following are equivalent: 

(1) R(X") = u, 

(2) there is a c.c.c poset P such that V p |= 'hw(X) = uj", 

(3) there is a c.c.c poset P such that 

V p |= "X is a countable union of 0-dimensional subspaces of countable weight. 



Proof. Since the implications (3) =>- (2) =>- (1) are clear, it remains to prove only that 
(1) implies (3). So assume that X is Hausdorff with R(X W ) = uj, and fix a base B of 
X and a well-ordering -< on X U B. 

The space X contains at most countably many isolated points by R(X) = uj, so it 
is enough to force an appropriate partition of X' , the set of non-isolated points of X. 
We say that a 4-tuple (A,U,f,g) is in P provided (i)-(v) below hold: 



X' 



B 



and U G 

(ii) / and g are functions, 

(iii) / : A — ► uj, g :IA — ► uj x uj, 

(iv) if g(U) = (n, i) and f(x) = n then x (U\U) whenever x E A and U EU, 

(v) if g(U) = g{V) = (n,i) and f(x) = n then x E U iff x E V whenever x E A 
and U,V EU. 
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Our idea is that / will guess the partition of X' into countably many pieces, 
{F n : n < u}; if g(U) = (n,i) then U H F n will be clopen in the subspace F n , and 
g(U) = g(V) = (n,i) implies U D F n — V fl F n . Consequently, each F n will have a 
countable clopen base. 

For p G P we write p = (A P ,U P , f p , g p ). If p, q G P we set p < q iff / p D f q and 

Two conditions p and g from P are called twins provided \A P \ = \A q \, \U P \ = \U q \ 
and denoting by r] and by p the unique -<-preserving bijections between A p and A q , 
and between W p and U q , respectively, we have 

(1) r]\A p n A q = id, p\U p nW = id, 

(2) G A p / p (:r) = f q {r){x)). 

(3) VU G W p ^(f/) = g q {p{U)). 

(4) \/x G A p VU EU P ( x E U iS r]{x) G p(U), and x E U iff G p(C/) ). 

Lemma 2.2. P = (P, <) satisfies c.c.c. 

Proof of lemma 2.2. Let {p a : a < wi} C P. Write p a = (A a , U a , f a , g a ). Using 
standard A-system and counting arguments we can assume that these conditions are 
pairwise twins. Let k = \A a \ and {a a ^ : % < k} be the -<-increasing enumeration of 
A a . For each a < iQ\ and i < k put 

Ul, = {U G lA a : 3j g a (U) = ((f a (a a , t ),j) A a a , G U}, 
Ul ti = {U G lA a : 3j g a (U) = ((f a (a a , t ),j) A a a , <£ U}, 

and finally 

V a , t = f]{U : U G <J fl \U:Ue <J. 

By (iv) we have a Qii ^ [/ for [/ G W^, so a Q; i G V a>i . Since R(X fc ) = there are 
a < (3 < uj\ such that 

(t) a a,i £ Vp,i and a^j G V Qj j for each i < k. 

We claim that p a and pp are compatible in P. Let rj and p be the functions witnessing 
that p a and pp are twins. Put A = A a U A 13 , U = U a U W 3 , / = f U J' 3 , g = g a U g? 
and p = (A,U, f,g). Since p a and p^ are twins, p satisfies (i)-(iii) and p < p a ,Pp- 
So all we have to do is to show that p satisfies (iv) and (v). 

Claim. IfU G U^UU 1 ^, then a^ t G C/ *if a Qjl G p(U). 

Proof of the claim. We know a a>i G C/ iff a^j G p(t/). Thus a Q)i G £/ implies that 
p(U) G W2j and so a a ^ G V^, C p(U). On the other hand, if a a>i U, then 

ap,i i p(U), hence p(£7) G W^, and so a a>i G Ifo Cl\ p(C/), i.e., a a>i £ p(£/). □ 
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Now we check (iv). Assume a Qji G A a , V G U 13 with ^(V) = (f a {a a ^),l) and 
o Q ,i G V. We have to show that a a ^ G V. Since a a ^ G Vg ; j by (f), we have V ^ ZYg { . 

But f a (a a ^) = f^(a / 3 j i) since p a and are twins, hence g^(V) = ^/^(a/3,i), ^ implies 
V G j UZYL, so V G Hence a a! j G Vg^ C V by (f), which was to be proved. 

Finally we check (v). Assume that a a4 G A a and U,V e U a are such that 
g(£7) = = (f(a a> i),l). Define the function p* : U — > U a by the formula 

p* = id\U a U (p)- 1 Then a a>i G C/ iff a 0)i G p*(C/) and a 0)i e V iff a aji G p*(V) by the 
previous claim. 

But g(p*(U)) = g(U) = g(V) = g(p*(V)) = (/(a Q)i ),Z), so a a ,, G p*(C/) iff a a , G 
p*(V) for p a satisfies (v). Thus a Q)i G C/ iff a Q)i G p*(C/) iff a a>i G p*(V) iff a a>i G V, 
which proves (v). □ 

Now let £ be a P-generic filter and let F = U{/ p '■ P £ G} and G = [j{g p : p G 
For n < let F n = F _1 {n}. 

Lemma 2.3. dom(F) = X' and dom(G) = B. 

Proof. Let p = (A,U, f, g) G P, x G X' \ A and U G B \ U. Let A* = A U {x}, 
U* = U U {U} and n = maxran(/) + 1. Let dom(/*) = A*, f* D f and = n, 

dom(g*) = li*, g* D g and g (U) = (n+1,0). Then it is easy to check p* = 
[A* ,U* , f* , g*) G P and obviously p* < p. So the lemma holds because a generic 
filter intersects every dense set. □ 

For m G u let 

B rn = {U n F rn : U G B and G(U) = (m, i) for some % G cj}. 

Lemma 2.4. £> m zs a countable, clopen base of the subspace F m of X' . 

Proof. If U G B, G{U) = (m,i) then U n F m is clopen in F m by (iv). If [/, F G B, 
= G(V) = (m, i) then U C\ F m — V C\ F m by (v). So £ m is countable. 

Finally we show that it is a base of F m . So fix x G F m and V G B with rr G V. Let 
p = {A,U, f,g)EP such that f(x) = m. Since X is Hausdorff and x is non-isolated 
in X, we can choose U G B\U such that x £ U C V and UnA = {rc}. 

Let U* = U U {U}. Define the function g* : U* — >■ w x w such that g* D g and 
g*(U) = (m,k) where k = min{/ : ran g C I x I}. Then p* = (A,U* , f, g*) is an 
extension of p in V and p*n — x G £/ fl F m C Vfl F m AU D F m G £> m . Consequently 
if pn— "x e F m n V" then we also have pit— "3Z7 G B m (x e U C F m n V)" , which 
completes the proof. □ 

Thus theorem 2.1 is proved. □ 

It is easy to check that the above proof needs the genericity of Q over \X\ + \B\ 
many dense sets only, and this immediately yields the following result. 
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Corollary 2.5. If MA K holds then for a Hausdorff space X with \X\ + w(X) < k 
the following are equivalent: 

(1) R(X<") = uj, 

(2) nw(X) = uj, 

(3) X is the union of countably many 0- dimensional subspaces of countable weigh, 

(4) X is the union of countably many separable metrizable subspaces. 

3. Sharpness of the main result 

Our aim in this section is to examine how sharp the above main result is. The 
co-finite topology on any uncountable set X clearly satisfies R(X W ) = uj, while, in 
any extension, nw(X) = \X\. This show that in the proof of (1) — > (2) of 2.1 the 
Hausdorffness of X cannot be replaced by T\. 

The next result in this section implies that, at least in ZFC, the exponent uj in 
proving (1) — ► (2) in theorem 2.1 can not be lowered. 

Theorem 3.1. For each uncountable cardinal k and natural number m there is a 
c.c.c posetV of cardinality k such that in V v there is a 0- dimensional first countable 
topological space X = (k, t) such that R(X m ) = uj but R(X m+1 ) = k, hence nw(X) = 
k in any cardinal preserving extension. 

In [5, theorem 3.5] we constructed a c.c.c poset {P K , <) which adds to the ground 
model a 0-dimensional, first countable topology r on k such that R(X W ) = uj and 
w(X) = k, for X = (k, t). The conditions in P K are finite approximations of the space 
X and the property R(X W ) = uj is guaranteed by some A-system and amalgamation 
arguments. Here we will use a subset P of P K with the inherited order. To ensure 
R(X m+1 ) =Kwe thin out P K in the following way. We fix a family T> = {d a : a < k} 
of pairwise disjoint elements of K rn+l with the intention to make T> discrete in X m+1 . 
A condition p G P K is put into P if and only if every neighbourhood given by p 
witnesses that V is discrete. The main step of the proof is to show that P is large 
enough to allow the A-system and amalgamation arguments to work in showing 
R(X m ) = uj. 

Proof of theorem 3.1. First we recall some definitions and lemmas from the proof of 
[5, theorem 3.5]. A quadruple (A,n,f,g) is said to be in Pq provided (a)-(b) below 
hold: 

r i < w 

(a) A E k , n E u, f and g are functions, 

(b) / : A x A x n — > 2, g: AxnxAxn — ► 3, 

For p E Pq we write p = (A p , n p , f p , g p ) . If p, q E Pq we set p < q iff f p D f q 
and g p D g q . If p E P K , a E A p , i < n p we defined U(a,i) = U p [a,i) = {(3 E A p : 
f p ((3,a,t) = l}. 

A quadruple {A, n, f, g) E Pq is put in P K iff (i)-(ii) below are also satisfied: 
(i) Wa E A Mi < j < n a E U(a,j) C U(a,i), 



6 Forcing countable networks ... February 1, 2008 

(ii) Va ^ (3 G A Vi,j < n 

g(a,i,(3,j) = if and only if U(a,i) C U(f3,j), 
g(a,i,(3,j) = 1 if and only if U(a,i) fl U(/3,j) = 0, 
g(a,i,(3,j) = 2 if a G U(f3,j) and (3 G U(a,i). 

Definition 3.2. ([5, definition 3.6]) Assume that pi = (A\n\ f\g l ) G P K for i G 2. 
We say that p and pi are twins iff n = rii, |A | = and taking n = n and 
denoting by a the unique < 0n -P r eserving bijection between A and Ai we have 

(1) ff[i nAi = id A() nA 1 . 

(2) a is an isomorphism between p and pi, i.e. Va,/3 G A , Vi, j < n 

f (a,(3,i) = /i(<r(a),<r(/3),i), 

go(a,i,/3,j) = gi(<r(a),i,a(P),j), 
We say that cr is the ten function of po and pi. Define the smashing function a 
of p an d Pi as follows: o 7 = a U id^- The function a* defined by the formula 
a* = a U a -1 [A x is called the exchange function of p and p ± . 

Definition 3.3. ([5, definition 3.7]) Assume that po and pi are twins and e : A Pl \ 
A p " — > 2. A common extension q G P k of po and pi is called an e- amalgamation of 
the twins po and pi provided 

Vet G A p "AA Pl f q {a,a*{a),i) = e{a{a)). 

Lemma 3.4. ([5, lemma 3.8]) Ifpo, pi G P K are tens and e : A Pl \ A PQ — > 2, then 
Po and pi nave an e- amalgamation in P K . 

In [5] we used the poset P K = (P K , <). Here we will apply a subset P of P K . To 

r I m+1 

define it let {d a : a < k} be a family of pairwise disjoint elements of re such 
that re \ U{d a : a < re} is still infinite. Write d a = {d a ^ : % < m}. 

Definition 3.5. A condition p = (A,n,f,g) G P K is in P iff it satisfies (1) and (2) 
below: 

(1) d a C A or d a fl A = for each ct < re. 

(2) if a < /3 < re, d a U dp C A, then there is an 2 = < m such that 

d a ,i i U p (dp :l ,0) and £ f/ p (d a)l ,0). 

Let P = (P,<). 

We define X as expected. Let Q be a P-generic filter and let P = U{/ p : P G Q}. 
For each a < re and n G let V(a, i) = {(3 < re : F(/3, a, i) — 1}. Put £> a = i) : 

i < re} and B = []{B a : a < re}. We choose B as the base of X = (re, t). By standard 
density arguments we can see that X is first countable and 0-dimensional. 

It is easy to see that R(X m+1 ) = re, in fact s(X m+1 ) = re. Indeed, by 3.5(2), 
{d a : a < re} is discrete in X m+1 , as witnessed by the open neighborhoods V(d a> o, 0) x 
V(d a , 1 ,0)---xV(d a , m ,0). 
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Finally we need to show that V satisfies c.c.c and V v \= R(X m ) = uo. Clearly, 
both of these statement follow from the next lemma. 

Lemma 3.6. If {p 7 : 7 < uo{\ C V , {c 7 : 7 < c^i} C n m and j , . . . ,j m -i ar & natural 
numbers, then there are ordinals a < {3 < iQ\ and a condition p G P such that 

(+) P<Pa,P/3 andpw— c a G Ui <m V(cp(i), ji) Acp G U i<m V(c a (i),ji). 

Proof. We can assume that c 7 C A p ~< holds for each 7 < u±. 

Pick a and (3 such that p a and pp are twins, and denoting by p their twin function 
we have p"c a = Cp and {p"d ( : d ( C A Pa } = {d c : d c C A p ?}. 

Let x = {£ < k : d$ C A Pa } and y = {£ < k : d$ C A p e}. Define the function 
e : A Pa \ A Pfi — > 2 by the stipulations e(u) — 1 iff v G c Q . By lemma 3.4 p a and 
has an e-amalgamation p in P K . Since C — k \ \J{d^ : £ < ft} is infinite, we can 
assume that A p \ (A Pq U^)cC. 

First we show that p G P. Observe that for any £ < k we have fl A p 7^ if and 
only if dtfi(A* a \jA*e) ^ if and only if (d^ C A p " Vd 5 C A**) by A P \(A P <*UA P ' 3 ) C C. 
Thus 3.5(1) holds. To check 3.5(2) assume that £ 7^ C < K an d rf{ U d( C A p . Then 

U d{ C A Pa U A p P and since p a and pp are in P we can assume that d$ C A Pa and 
d c C A 25 ' 3 . If d£ n D then d $ C A p t> as well. Therefore d^Ud c C A p e, and so 

3.5(2) holds for £ and £ because pp G P. Thus we can assume that d^ C A Pq \ A p ", 
and similarly that C A Pfl \ A Pa . If p"c^ 7^ d^, then p"rf^ = for some p G y \ {£}• 
Since p^ G P, there is i < m such that d^i £ U p ^(d^ ii ,0) and d^i [7^(^,0). 
So, by the definition of e-amalgamation, d^i ^ U p (d^ t i,0) and ^ f/ p (<i^j,0). On 
the other hand, if p"d% = d^, then there is % < m such that s(d^i) = 0, for \d%\ = 
m + 1 > m = |£ _1 {1}|. So, by the definition of e-amalgamation, d^ ti ^ U p (d^ ti , 0) and 
d fii £ t/ p (c^,0). Thus p G P. 

Finally we show that pi— "c a G n*<m V( c /?(*)» ji) Acp G rU< m V"(Ca(i), Indeed, 
c^i) G U p (c a (i),ji) and c Q (i) G U p (cp(i),ji) for each i < m because p(c a>i ) = cp ti 
and either c a , t = cp ti or e(c aji ) = 1. □ 

Theorem 3.1 is proved. □ 

Next we show that the use of forcing in the implications (1) — > (3) and (2) — > (3) 
from theorem 2.1 is essential because in 3.8 we shall produce a ZFC example of a 
0-dimensional, first countable space X that satisfies nw(X) = uo (hence R(X W ) = a;) 
but still X is not cr-second countable. To achieve this we need the following lemma. 
If X = (X, t) is a topological space, T>(X) denotes the discrete topology on X. If A 
and B are sets, let Fin(A, B) be the family of functions mapping a finite subset of A 
into B. 

Lemma 3.7. If Z C X^ and Z is somewhere dense in the space D(X) U} , then w(Z) = 
w(X). 
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Proof. Fix a natural number n G u and a function / : n — > X such that Z is dense 
in the basic open set Uf — {g G X w : / C g} of D(X) W . This means that 

(t) Vf G Fin(cu \ n, X)3g eZ fUf'cg. 

From now on we forget about the D(X) U} topology, we will use only (f). Without 
loss of generality we can assume that Z C Uf. Let Z be a base of Z in the subspace 
topology of 

Let 7r m : X w — ► X be the projection to the m th factor, i.e. 7r m (g) = g(m). Set 
X = {^n(U) : U G Z}. Since w(Z) < w(X), it is enough to show that X is a base of 
X. 

Claim. If U is open in Z then n n (U) is open in X. 

Proof of the claim . Let x G 7r n (U). We need to show that 7c n (U) contains a neigh- 
bourhood of x. Pick g G U with x = g(n). Then, by the definition of the product 
topology on X u , there is a function a which maps a finite subset of uj \ n into the 
family of non-empty open subsets of X such that 

(*) g G Z n p| it ni - 1 <r(m) C U. 

mGdom(cr) 

We can assume that n G dom(cr). Let g' = g\(doma\{n}). By (f), for each x' G cr(n) 
there is G Z such that 

(**) fU{(n,x')}Uf'Gh x ,. 

Now (★) implies h x > G C/ and so x' G 7r n (C/). Thus x G cr(n) C 7r n (C/), which was to 
be proved. □ 

To show that X is a base let x G V C X, V open. By (f ) we can find a point g Z 
with f d g and g(n) = x. The family 2 is a base of Z in the subspace topology of 
X", so there is U e Z such that g E U C Z (1 7r n _1 V. Thus x G n n (U) C F and 
7r n (C/) is open by the previous claim. 

Thus X is a base of X, and so w(X) < \X\ < \Z\. Since w(Z) < ujw(X) = w(X), 
we are done. □ 

After this preparation we can give the ZFC example promised above. 

Theorem 3.8. There is 0- dimensional Hausdorff space Y such that x(Y) nw(Y) = 
uj, but Y is not cr-second countable. 

Proof. By [5, theorem 3.1] there is a 0-dimensional Hausdorff space X of size 2 W such 
that xPO nw(X) = oj, but w(X) = 2 U . We show that Y = X w is as required. Clearly 
x{Y) — x(X) = w and nw(Y) = nw(X) = uj. 

Assume that Y = \J k<LU Z k . The Baire category theorem implies that some Z k is 
somewhere dense in D(X) U1 . Then w(Z k ) = w(X) = 2^ by lemma 3.7. □ 
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By corollary 2.5, if Martin's Axiom holds, then every Hausdorff space X of size 
and weight < 2 W is cr-second countable if and only if nw(X) = uj. The next theorem 
shows that MA{Cohen) is not enough to get this equivalence. Note that for a first 
countable space X we have w(X) < \X\. 

Theorem 3.9. If ZFC is consistent, then so is ZFC + MA(Cohen) + "there is a first 
countable 0-dimensional Hausdorff space Y such that nw(F) = uj and \Y\ < 2 W but 
Y is not cr-second countable 

The proof is based on theorem 3.7 above and theorem 3.11 below. 

Definition 3.10. Given a topological space Z, let T(Z) be the a-ideal generated by 
the nowhere dense subsets of Z. The elements of T{Z) are called first category in Z. 

The next result is due to Saharon Shelah [6] and it is included here with his kind 
permission. 

Theorem 3.11. If Z is a topological space and the forcing notion P = Fn(/t, 2,uj) 
adds k Cohen reals to the ground model, then the ideal I v (Z) is generated byX v (Z), 
that is, for each T G X yP (Z) there is V G 1 V {Z) with T C V . 

Proof. Since X yP (Z) is cr-generated by the nowhere dense subsets of Z in V p , we 
can assume that T is nowhere dense. Let T be a P-name of T such that 1 P \\ — "T is 
nowhere dense" . 

For each m G uj define, in V, the subset B m of Z as follows: 

(*) B m = {x G Z : 3p G P \p\ = m A pH— x G f}. 

Clearly 1 P \\ — T C U B m , so it is enough to show that every B m is nowhere dense. 

Assume on the contrary that there are an open set U C Z and m G uj such that B m 
is dense in U . 

Now, by finite induction, we can define open sets U D Uo D U\ • ■ • D U m and 
conditions q , . . . , q m with pairwise disjoint domains such that for each j < m and 
for each / G P if dom(/) = [j dom(^) then 

i<j 

(t) /u^rnc/, = 0. 

Since B m is dense in U and U m C U there is x G B m n U m . Then, by the definition 
of B m , we have a condition p G P with \p\ = m such that p\\ — x G T. But the domains 
of the qj are pairwise disjoint, so there is j < m with dom(p) n dom(gj) = 0. Thus 
pUg^ e P. Let / = p[ (J dom(^). By (f) / U qj \\ — T n Uj = 0, so pU^ll— fnU m = as 

i<j 

well. But this contradicts x G £/ m and pi) — x G T, and thus the theorem is proved. □ 
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Proof of theorem 3.9. Using again [5, theorem 3.1] we have a 0-dimensional HausdorfT 
space X such that xPO nw(X) = cu, but w(X) = 2". Let Y = and Z = D(X) U . 
Then add re > 2 W Cohen reals to the ground model. In the generic extension clearly 
x(Y) — nw(y) = cu will remain valid. 

Since Z ^ 1 V (Z) by the Baire Category theorem, we have Z £ 2 V (Z) as well by 
theorem 3.11. 

Therefore, if Y = \J{Y k : k < ou} holds in V p , then Y k £ l v (Z) for some k £ oj, 
i.e.. Y k is somewhere dense in Z. Thus there is a natural number n E cu and a 
function / : n — ► X such that 

(t) V/' G Fin(cu \n,I)3 9 ey t /U/'c <?. 

But (f) implies that Y k is also dense in the basic open set (Vf) yP — {g G X w nV p : 
/ C (?} of (D(X) w ) yP . Thus, applying lemma 3.7 in U p we have w(Y k ) = w(X) > cu. 
Thus, in V p , MA(Cohen) holds, and still the first countable, 0-dimensional T2 space 
Y is not cr-second countable, though w(Y) = (2 U ) V < re = (2 aJ ) yP . □ 

4. Examples for higher cardinals 

In this section we generalize the constructions of [5, theorem 3.1] and 3.8 for 
cardinals greater than cu. 

Theorem 4.1. Let re and A be cardinals, cf(re) = re. Then there is a 0-dimensional 
Hausdorff space X^ such that x(X*) = k, nw(X^) = A <K and w(X*) = A K . 

Proof. For each / G Fn(re, A, re) put Uf = {g E K A : / C g}. Write U(g, a) = U g \ a for 
g G K A and a < re. For g ^ h E K \ define A(g, h) = min{a : g(a) 7^ h(a)}. Consider 
the topological space C*{ = ( K A,r) that has as a base {[//:/ G <K A}. Let 

y = { g g K A : 3a < re ( = iff (3 > a )} 

and 

Z = {<? G K A : £ ran(<?)}. 

Clearly Y and Z are disjoint, \Y\ = \ <K , \Z\ = A K , Z is closed and nowhere dense 
in C*. Let I = 7 U Z. Our required space will be X£ = (X, p), where p refines the 
topology r x . To define p put 

X g = \J{U f :3a<Kf = g\aU {(a, 0)}} 

for g E Z andX g = for g E Y . For g E X and a < relet V (g, a) = (U(g,a)\X g ){lX . 
Let the neighbourhood base of g E X in p be 

Bg = { v (g,a) ■ a < k}. 



February 1, 2008 



Forcing countable networks 



11 



First we note that B = \J{B X : x G X} is a base of a topology because 

(f) Wen < k \/h G V(g, a) \ {g} U(h, A(g, h) + 1) n X C V(g, a). 

Since V(g, a) C\Y — U(g,a) C\Y and V(/i, a) n Z = U(h, a) n Z for each g G Y, 
h E Z and a</twe have that (Y, r) = (Y, p) and (Z, r) = (Z, p). Thus 

nw((X,p» = nw«F,p» + nw((Z,p» < w((Y, r» + w«Z, r» < w((C A K » = A <K . 

Obviously x{{ x ,P)) = K - 

Finally we show that w((X, p)) = A K . This will follow if we show that B is an 
irreducible base for X, by lemma [5, 2.6]. We claim that {B x : x G X} is an 
irreducible decomposition of the base B (see definition [5, 2.3]). Since Y is discrete 
in p it is enough to show that if g ^ h are from Z with g G V(h, a) for some 
a < k then V(h,a) <f_ V(g,0). Let 5 = A(g,h). Then U(g, 5 + 1) C V(h,a) by 
(f). Consider the element y of F defined by the formulas y[5+l = (?[5 + l and 
y(8 + 1) = 0. Then y e X g and so y ^ V(5f,0). On the other hand y <E U(g,5 + 1), 
so V(/i,a) <t V{g,0). □ 

Lemma 4.2. If X is any topological space and Z C X K , a < k, f : a — ► X are 
such that 

($) VfeFm(K\a,X) 3g G Z f U /' C g, 

then w(Z) > w(X). 

The proof is similar to that of lemma 3.7, so we omit it. 

Let us recall that given a cardinal p the Singular Cardinal Hypothesis (SCR) is said 
to hold below p provided z/ cf M = 2 cf( ^z/ + for each singular cardinal v < p. By [3, 
lemma 1.8.1], if p is regular and SCH holds below p, then log(/i + ) = min{z/ : 1 V > p + } 
is also regular. It is well-known that the failure of SCH requires the consistency of 
large cardinals, therefore the assumption of our next lemma is quite reasonable. Also 
note that SCH trivially holds below K^. 

Theorem 4.3. If p and\og(p + ) are both regular cardinals then there is a 0- dimensional 
T 2 space Y such that x(F) nw(F) < p, but Y is not the union of p subspaces of weight 
p. 

Proof. Let p = \og(p + ). Applying theorem 4.1 for k — p and A = 2 we get a space 
X with x(A)nw(X) = 2 <p < p < w(X). Let F = X p and consider a partition 
F = Ua< p F Q ,. Since k — p is regular, applying the technique of the standard proof 
of the Baire Category theorem we can see that the space Cfa is not the union of 
p nowhere dense subspaces. Therefore there are ordinals a, £ < p and a function 
/ : a — > X such that 



V/'GFn(p\«,X,p) 3geYtfUf'cg. 
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But (I') clearly implies ($). So, by lemma 4.2, w(l^) > w(X) > ji. Thus Y satisfies 
the requirements. The theorem is proved. □ 

Problem 1. (ZFC) If fi is a cardinal, is there a space X such that x(X) nw(X) = /i 
(or just uw(X) = n), but X is not the union of < 2^ many subspaces of weight < 2^ 
(or justw(X) = 2")? 

Remark. The simplest case of Problem 1 left open by theorem 4.1 is that 2 W = 002, 
2^ = Cc>3 and /i — Indeed, if X^ is the space constructed in theorem 4.1 and 
nw(X A ) = A <K < wi, then A < uj x and k < u. So w(XjJ) = A K < oof = uj 2 < 2 W1 . 
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